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Calculation of plastic strain ratio from the 
texture of cubic metal sheet 

DONG N Y U N G  LEE, KYU HWAN OH 
Department of Metallurgical Engineering, Seoul National University, Seoul, Korea 

A simple method is presented for calculating the plastic strain ratio from 
crystallographic texture based on ideal sheet textures. The R values for several fc c 
and bcc  metals were calculated as a function of angle to the rolling direction using 
this method. The agreement between calculated and measured R values was satis- 
factory. 

1. I n t r o d u c t i o n  
Deep drawability is closely related to the plastic 
strain ratio or R value, which is defined as the 
ratio of true strains in the width and thickness 
directions under tension. For  planar isotropic 
sheets, a higher R value implies higher resistance 
to thinning in the thickness direction, resulting 
in a higher limiting draw ratio. For  planar 
anisotropic sheets, the R value varies with the 
tensile direction. The variation of R value with 
tensile direction is associated with earing 
behaviour in deep drawing. Earing occurs along 
the directions of higher R values. 

It is well known that sheet anisotropy is 
closely related to sheet texture. A method has 
been proposed by Hosford and Backofen [1] for 
the prediction of  R values and yield stress as a 
function of sheet texture based on finding the 
combination of  slip systems that minimizes the 
work per unit volume required to produce a 
given strain. Vieth and Whiteley [2] and Fukuda 
[3] proposed very simplified methods for the 
prediction of  R values in relation to sheet tex- 
ture. 

In these models it was assumed that the sheet 
was made up of texture components having ideal 
crystallographic orientations; that the texture 
components contributed independently to the 
overall deformation of the sheet; and that the 
effectiveness with which a particular texture 
component contributes to the R value was deter- 
mined by the volume fraction of that texture 
component and by the relative favourability of 

the orientation of the slip systems operating in 
the various texture components present. How- 
ever, the choice of operating slip systems and 
their contributions to the R value calculation 
were different in Vieth and Whiteley [2] and 
Fukuda [3]. Their calculated results for the R 
value generally ranged from zero to infinity. 
Perovic and Karastojkovic [4] used the Vieth- 
Whiteley~Fukuda equation for the R value 
calculation, but they took at least two active slip 
systems with different slip planes for which the 
values of the Schmid factor were greatest. 

Lee [5] advanced a modified form of  the 
Vieth-Whiteley-Fukuda equation on the 
assumption that all the slip systems contribute to 
the deformation in proportion to their Schmid 
factors. The method gave satisfactory results for 
sheets whose texture might be approximated as 
ideal. When a sheet was composed of  more than 
one ideal texture, the R value of the sheet was 
calculated by 

R = ZReVe 

where Re and Vii are the value and volume frac- 
tion of texture component i. The R values 
calculated by this method were generally in good 
agreement with those measured. However, we 
found that this method gave rise to an R value of  
infinity instead of  unity for a specimen with 
randomly distributed grains (random orien- 
tation). The purpose of this paper is to propose 
a more reasonable method of  calculation of  the 
R value for a complex texture. 
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2. Planar anisotropy of the R value 
Vieth and Whiteley [2] and Fukuda [3] derived 
the following relation for the plastic strain ratio 
or R value: 

( b - p )  (b .  d) 
R = (1 )  

( t .  p) ( t -  d) 

where vectors b, t, d and p are unit vectors along 
the width, thickness and slip directions and the 
direction normal to the slip plane, respectively. 
In order for Equation 1 to be used, the slip 
systems operating should be selected. As men- 
tioned in the previous section, Vieth and 
Whiteley [2] took the slip system of largest 
Schmid factor from the applied tensile stress. 
However, Fukuda pointed out that the slip sys- 
tem with the largest Schmid factor never 
operates alone but co-operates with several 
other systems in order of the magnitude of the 
Schmid factors from the tensile direction, and 
calculated the R values from five slip systems 
using Equation 1. The calculated R values were 
weighted differently based on the magnitude of 
the Schmid factors and were averaged to give a 
resultant R value. 

The slip systems having the larger Schmid 
factors will operate more easily. The slip system 
with largest Schmid factor does not always 
operate in tension of polycrystalline metals, but 
has the highest probability of operating, and so 
on. Lee [5] assumed that all the slip systems 
contributed to the deformation but that their 
contributions were proportional to their Schmid 
factors. Thus the following equation was 
proposed for calculation of the R value: 

R - ew _ ~ [[(b 'p)(b.  d)lS] (2) 
~t ~ [[(t- p)(t-  d)lS] 

where Z indicates the summation of all operat- 
ing slip systems and S is the Schmid factor of 
corresponding slip systems, which can be written 

S = I ( l ' p )  (1-d)l (3) 

Here 1 is the unit vector along the tensile direc- 
tion. 

A sheet having texture (R1 R: R 3 )  [ A  1 A 2 A3]  is 
now considered. For convenience of calculation, 
any direction is expressed by unit vectors. Unit 
vectors along the normal to the plane (Rl R2 R 3 )  

and the direction [A~ A2A3] may be written 

r = [rl, r2, r3] = [R1/lR[, RJIRI ,  R3/[R[] 
(4a) 
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wherelR] = (R~ + R~ + R~) j/2and 

a = [a,, a2, a3] = [A1/IA], Az/]AI,  A3/]A]] 

(4b) 
wherelAI = (A~ + A~ + A~) '/2. 

Let the angle between the rolling direction a 
and the tensile direction 1 be ~, then unit vectors 
1, t and b can be obtained from 

,os. 0 sin lia a a3] 
0 1 0 rl r2 r3 

- - s i n  ~ 0 c o s  ~ n~ n 2 n3 

l l 1,3] [iJ = tl t2 t3 = (5) 

hi  b2 b3 

where n = [n~, n2, n3] is the unit vector normal 
to both a and r, that is, 

n = a • r = [ a 2 r  3 - -  a 3 r l ,  a3r  I - -  a lF3,  

x a i r  2 - -  a 2 r l ]  

From Equation 5, vectors 1, t and b may be 
expressed as: 

1 = [1 I, 12, 13] 

= [a  I COS ~ q- ( a 2 r  3 - -  a3r2)  sin ~, a2 cos 

-q- ( a 3 r  I - -  a i r 3 )  s i n  ~, a 3 c o s  

+ (air2 - a2rl) sin ~] 

t = [tl, t2, t3] = [rl, r2, r3] 

b = [bl, b2, b3] 

= [ - a  I sin ~ + (a2r3 - a3r2) cos ~, 

- az sin 

+ (a3rj - air3) cos ~, - a 3  sin 

+ (alr2 - a2rl) cos ~] (6) 

For a slip system (Pl P2 P3) [D~ D 2 D3], the unit 
vectors p and d in Equation 2 may be expressed 
a s  

P = L~ P2 ,  P3]  = [ P I / I P I ,  P 2 / I P I ,  P3 / IPI ]  

(7a) 

where IP[ = (p2 + p~ + p~),/2 and 

d = [d,, dz, ,/3] = [D,/IDI, DJIDI,  D3/IDI] 

(7b) 

where IDI = (D~ + D 2 + D~) '/z. 



T A B L E I Calculated Rrandom at various angular intervals 

Angular 
interval (deg) 10 9 6 
Rranaom 0.9962 0.9981 0.9971 

5 3 2 1 
0.9980 0.9985 0.9988 0.9994 

Thus, if a sheet texture ( R  l Re R3)  [A 1A2A3]  

and a slip system ( P I P z P 3 )  [DID2D3] are 
known, the R value of  Equation 2 can be 
evaluated using Equations 4 to 7. 

A sheet specimen composed of more than one 
ideal texture is considered. The strains in the 
width and thickness directions of  the specimen 
under tension, ~w and ~t, may reasonably be 
assumed to be determined by the volume frac- 
tion of each texture component.  That  is, 

"w = Eew, V~ = ;v~w(g)f(g)dg 

~'t = Z ~ti Vii = fv et(g)f(g) dg (8) 

where ewi, ~ti and Vii are respectively the strains in 
the width and thickness directions and the vol- 
ume fraction of  texture component i; g and f(g) 
are the orientation and the orientation distribu- 
tion function. Therefore the R value can be 

calculation of  sw and ~t- When the orientation 
distribution function is not known, a rough esti- 
mate of  the volume fraction V~ can be made on 
the basis of peak intensity in the pole figure. 
When the intensities from a family of reflection 
planes for a given ideal texture are not the same, 
the lower intensities can be assumed to come 
from a single ideal texture and the higher inten- 
sities are assumed to be obtained by super- 
position of intensities from more than one ideal 
texture. 

3. The R values of  a spec imen w i t h  
r a n d o m l y  d is t r ibuted  grains 

For randomly distributed grains, the orientation 
distribution functionf(g)  in Equation 9 becomes 
unity. Therefore the R value of  the specimen, 
Rrandom , is given by 

~vew(g) dg 
written as  Rrand~ - -  I v g t ( g )  dg (10) 

. *w ~',swiVi ~v ew(g)f(g) dg 
= ~t = ~ = T v ~ ~ g g  where dg may be expressed as a function of 

(9) Euler angles $1, r and $2, that is, 

When the texture of  component i is known, ewi 1 . 
and sti can be calculated as explained in the dg = ~ s ln  ~ dqJ 1 dq~ d$2 
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Figure 2 R value as a function of tensile direction for the 
O(I I2) [TTl l  specimen in Fig. 1: o,  measured [ 4 ] ; - - ,  calculated based 

Figure 1 (1 1 1) pole figure of a copper sheet [4]. on the texture (1 1 2) [ i I  11. 

3113 



RD 

O (I 23)[634) 
A (123)r6341 
[ ]  (T23)[6~)41 
�9 (T23)[634.] 

Figure 3 (l 1 1) pole figure of a 304 stainless-steel sheet [6]. 

For cubic metals the cubic symmetry makes the 
integral intervals reduce to the following: 

Since ew and ~:t in Equation 9 or l0 are cal- 
culated when the orientation is given in the form 
(Rl R2 R3) [A, A2 A3], the orientation g(~l, 4, ~2) 
should be transformed to the form (RI R2R3) 

r~ 
/ I I I I I I I I 

I ' - "  

I:~_., 
z 1 
< 

1 " 4  
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0 30 60 90* 
ANGLE TO ROLLING DIRECTION 

Figure 4 R value as a function of tensile direction for the 
specimen in Fig. 3: o ,  measured [6]; - - ,  calculated based 
on the texture �89 2 3) [~ 3 41 + �89 2 3) [6 3 41. 
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�9 lO)[il~] @(t lO)[~i21 Fl(l13)[33~l 0(I13)[~2] 
u (125)[5~'5l n (125)[525] / (i25)[5:~5] T (i25)Z:525l 

Figure 5 (l 1 l) pole figure of a brass sheet [4]. 

[A1 A2 A3] using the following relations: 

R, = sin ~2 sin ~b 

R2 = cos  @2 sin q5 

R3 = cos  q~ 

A, = cos  @] cos  r - s in qJ] sin ff2 cos  ~b 

A2 = - c o s  ~1 sin ~2 - sin ~1 c o s  ~2 c o s  ~b 

A3 = sin @l sin q~ 
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Figure 6 R value as a function of  tensile direction for the 
specimen in Fig. 5: o ,  measured [4]; , calculated based 
on the texture ~(1 1 0) [1 1 ~] + ~(1 1 0) [1 1 2] + ~(1 1 3) [3 3 ~] 
+ -~(123) [5~3] + ~(i23)  [5~31. 
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O(I II)[8w 
A(I I I)[89]] 

Figure 7 (00 l) pole figure of  a 444 stainless-steel sheet [7]. 

Numerical  calculation of  Equat ion  10 has been 
performed at angular  intervals, 1 ~ 2 ~ 3 ~ 5 ~ 6 ~ 
9 ~ and 10 ~ and the results are given in Table I, 
indicating Rrandom to be unity. 

4. The R values of planar  
anisotropic  sheets 

The R values were calculated using Equat ions  2 
and 9 and were compared  with measured values 
for f c  c and b c c sheets. The slip systems { 1 1 1 } 
{1 10)  and {1 10} ~1 1 1) were taken for f c c  
and b c c metals. 

Fig. 1 shows the (1 1 1) pole figure of  a copper  
sheet [4]. The  authors  [4] described the texture of  
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22  . 5 45  6 7 . 5  90  ~ 

ANGLE TO ROLLING DIRECTION 

Figure 8 R value as a function of tensile direction for the 
specimen in Fig. 7: O, measured [7]; - - ,  calculated based 
on the texture (I 11) [8w 1]. 
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A ( O 0 1 ) [ ~ I O ]  
~(oo~ )[ L3o] 
~(i I I)E211] 

Figure 9 (00 l) pole figure of  a 17% chromium stainless-steel 
sheet [8]. 

the sheet as composed of  textures (2 2 5) [5 5 4] 
and (1 2 3) [1 1 T]. However ,  it can be described 

_ m  

better by texture (1 1 2) [1 1 1]. The R values 
calculated based on texture (1 1 2) [1 T 1] are in 
good agreement  with those measured by Perovic 
et  al. [4], as shown in Fig. 2. 

Fig. 3 shows the (1 1 1) pole figure of  a 304 
stainless-steel sheet, whose texture may  be 
approximated [6] by 1(1 2 3)[6 3 4] + �89 2 3)[6 3 4]. 

z 1( 

------ I I I I I I I I t 

I I I I I I I 
0 30 60 90 ~ 

ANGLE TO ROLLING DIRECTION 

Figure lO R value as a function of tensile direction for the 
specimen in Fig. 7: O, measured [7]; - - ,  calculated based 
on the texture �89 [~I1] + 1(001) [310] + �88 
[ i  3 o]. 
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Figure 11 (001) pole figure of  a 17% chromium stainless- 
steel sheet [8]. 

RD RD 

0 (001  ) r.'p~o] V (001 )[950]__ 
F-l(oo I )I:T20] A (001)[590] 
0 ( I  I ] ) [211]  0 ( I  ]l)E2113 

Figure 13 (001) pole figure of  a 17% chromium stainless- 
steel sheet [8]. 

The R values calculated based on this texture 
are compared with the measured ones [6] in 
Fig. 4. 

Fig. 5 shows the (111) pole figure of a brass 
sheet [4], which can be approximated by ~(110) 
[T 1 ~] + ~(110) [T 12] + 1(1 13) [3 3 2] + 
~(I 23) [323] + {(T 23) [523]. The R values 
calculated from this texture are compared with 
the measured ones in Fig. 6. 

Fig. 7 shows the (001) pole figure of a 444 
stainless-steel (b c c) sheet. The texture may be 
approximated by �89 1) [8 91] + 12-(11 1) [89 1], 
which was used to calculate the R value. The 
calculated values are in good agreement with 
those measured, as shown in Fig. 8 [7]. 

Fig. 9 shows the (001) pole figure of a 17% 
chromium stainless steel (b c c) [8], whose texture 
may be approximated by �89 1) [2,1 1] + 
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Figure 12 R value as a function of  tensile direction for the 
specimen in Fig. 11: O, measured [8]; - - ,  calculated 
based on the texture �89 [~ 11] + �88 [120] 7F ~ 0 0 1 )  
[2 10]. 
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Figure 14 R value as a function of  tensile direction for the 
specimen in Fig. 13: O, measured [8]; - - ,  calculated 
based on the texture �89 11] + ~ 0 0 1 )  [590] + �88 
[9 5 0]. 
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Figure 15 (00 l) pole figure of  a 17% chromium stainless- 
steel sheet [8]. 

�88 [310] + �88 []" 30], which gives rise 
to the R values in Fig. 10. 

Fig. 11 shows the (001) pole figure of a 17% 
chromium stainless-steel sheet [8], which may be 
approximated by the texture �89 [211] + 
�88 [120] + �88 [210]. The R values of 
the sheet are shown in Fig. 12. 

Fig. 13 shows the (001) pole figure of a 17% 
chromium stainless-steel sheet [8]. The texture 
may be described by 1(111) [211] + �88 
[590] + �88 [950], which yields the R values 
in Fig. 14. 

RD 

�9 (ilo) [ooD 
0 (OOl) ril o] 

Figure 17 (001)  pole figure of a 17% chromium stainless- 
steel sheet [8]. 

Fig. 15 shows the (001) pole figure of a 17% 
chromium stainless-steel sheet [8]. The texture 
may be approximated by �89 [001] + 
�89 [211]. The R values of the sheet are 
shown in Fig. 16. 

Figs. 17 and 18 are the (001) pole figure and 
R values ofa  17% chromium stainless-steel sheet 
[8]. The R values were calculated based on the 
texture �88 l 0) [001] + �88 [110] + �89 
[~] 1]. 
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Figure 16 R value as a function o f  tensile direction for the 
specimen in Fig. 15: O, measured [8]; , calculated 
based on the texture ~ 1 1 0 )  [001] + �89 [211]. 
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Figure 18 R value as a function of  tensile direction for the 
specimen in Fig. 17: O, measured [8]; - - ,  calculated 
based on the texture H110)  [001] + ~ 0 0 1 )  ['I" 10] + �89 
[2] 1]. 
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The good agreement between measured and 
calculated r values in the above examples may be 
fortuitous, since the textures were too simplified. 
This method should be tested using the orien- 
tation distribution functions. However, we feel 
that at worst this method will be useful for a 
qualitative explanation of  the measured R val- 
ues. 

5. Conclusion 
The present method of calculation of  strain ratio 
using the sheet texture gave good results. The 
method based on ideal textures seems to be use- 
ful for a qualitative explanation of the R values 
of  sheets. 
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